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ABSTRACT 
This paper develops a numerical approximation 
technique based on the structure of differential 
transform method (DTM), Laplace transform (LT) 
procedure and Padé approximants (PA) scheme for 
solving integral and integro-differential equations. The 
proposed method which gives a virtuous approximation 
for the true solution in a large region is referred to 
modified differential transform method (MDTM). Some 
numerical problems are given to illustrates the 
efficiency and applicability of the method. Numerical 
results have shown that the MDTM method is 
promising for solving integral and integro-differential e
quations. 
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I. INTRODUCTION 

Differential equations play a major role in chemical 
kinetics, biological models, fluid dynamics, just like in 
nonlinear equations [17, 18]. Many mathematical 
formulations of physical phenomena that are modeled 
under the differential sences usually produce an 
integro-differential equation (IDE), a differential 
equation (DE), or likely give an integral equation (IE). 
However, the integro-differential equation most often 
contain the other two equations. Given the importance 
of the integra and integro-differential equations, many 
studies have been done to find new approximation 
schemes to these equations or improve the existing 
methods for their solutions. 

Consider the function (ݔ)ݑ, let ݂(ݔ) be a known 
function, and ݔ)ܭ,  be the integral kernel. Then, the (ݐ
Volterra integral equation (VIE) of the first kind is 
defined as: 

(ݔ)ݑ 	= න ,ݔ)ܭ ,ݐ݀(ݐ)ݑ(ݐ
௫

௔
 (1) 

while the VIE of the second kind is given as: 

(ݔ)ݑ 	= න ,ݔ)ܭ ,ݐ݀(ݐ)ݑ(ݐ
௫

௔
 (2) 

Solving the Integro-differential equations by analytical 
procedures for are usually difficult. This and more 
drawbacks lead to numerous research on efficient 
approximate solution methods [1]. The DMT method 
for solving differential equations was introduced by 
Zhou [2]. This method is an iterative scheme for 
solving the Taylor series of DE.The DMT method has 
also been applied to solve initial value and boundary 
value problems using the concept of Taylor series [1, 3, 
4, 16]. The solutions of these problems are usually in 
series form. The DTM derives an analytical solution in 
form of a polynomial which are sufficiently 
differentiable for approximation to exact solutions. 
However, this method has some setbacks. The DTM 
gives  a truncated series solution which is an accurate 
approximation of exact  solution in a very small region 
[5]. 

    To improve the precision of differential transform 
method, we proposed an alternative solution scheme 
that would modify the series solution for classes 
integral and integro-differential equations as follows: 
we begin by applying  the Laplace transformation 
approach to DTM obtained truncated series and use 
Padé approximants to convert the transformed series 
into a meromorphic function and further applying the 
inverse Laplace transform  to obtain the desired 
analytical solution. This would be a better 
approximation or periodic solution compare to 
truncated series solution of DTM.  

 
The remaining part of the paper is structured as follow: 
Section 2 discusses brief overview and preliminary 
results of DTM, Padé approximants and Laplace 
transform. Three problems each for both integral and 
integro-differential equations are presented to illustrates 
the efficiency and simplicity of the method in section 3. 
In Section 4, we present the conclusion and discussion 
for further reference. 
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II. PRELIMINARIES 

    This section presents some definitions of differential 
transform method and Padé approximants. 

A. Differential transform method 
Definition 1.[6] 
Suppose the function ݂(ݔ) is analytical at ݔ଴ in domain 
of interest (DOI), then  
 

(݇)ܨ =
݂(௞)(ݔ଴)

݇! . (3) 

The inverse differential transforms of ܨ(݇) is  

(ݔ)݂ = ෍ݔ)(݇)ܨ − ଴)௞ݔ
ஶ

௞ୀ଴

. (4) 

From (3), (4), we have 

(ݔ)݂ = ෍
݂(௞)(ݔ଴)

݇! ݔ) − ଴)௞ݔ
ஶ

௞ୀ଴

. (5) 

    Let ܷ(݇),ܩ(݇), and	ܪ(݇) be the differential 
transforms (DT) of (ݔ)݃,(ݔ)ݑ, and	ℎ(ݔ) respectively at 
଴ݔ = 0. The key operations of the DTM is presented in 
Table 1. 
 

Table 1: Differential Transform 
Original function Transformed function 
(ݔ)ݑ = (ݔ)݃	 + ℎ(ݔ) ܷ(݇) = (݇)ܩ  (݇)ܪ+
(ݔ)ݑ =  (ݔ)ℎ(ݔ)݃	

ܷ(݇) = ෍ ݇)ܪ(݅)ܩ
௞

௜ୀଵ
− ݅) 

(ݔ)ݑ = (݇)ܷ (ݔ)݃ܿ	 =  (݇)ܩܿ

(ݔ)ݑ =
݀௡݃(ݔ)
௡ݔ݀  ܷ(݇) =

(݇ + ݊)!
݇! ݇)ܩ

+ ݊) 
(ݔ)ݑ = ௡ݔ  ܷ(݇) = ݇)ߜ − ݊) 

(ݔ)ݑ = exp	(ܿݔ) 
ܷ(݇) =

ܿ௞

݇! 
(ݔ)ݑ = cos	(߱ݔ) 

ܷ(݇) =
߱௞

݇! cos	൬
ߨ݇
2
൰ 

(ݔ)ݑ = sin	(߱ݔ) 
ܷ(݇) =

߱௞

݇! sin	൬
ߨ݇
2
൰ 

 
Theorem 1 [7] 
If ݂(ݕ) =  ௠, thenݕ

F(k) =

⎩
⎨

⎧ ൫Y(0)൯୫, k = 0

1
Y(0)෍ቆ

(m + 1)r-k
k

ቇY(r)F(k-r), k ≥ 1
୩

୰ୀଵ

 

 
Proof. From the definition (1) 

(0)ܨ = ௫ୀ଴[(ݔ)௠ݕ] = ௠(0)ݕ = ൫ܻ(0)൯௠ (6) 

Differentiating ݂(ݕ) =  we ,ݔ ௠ with respect toݕ
get; 

  
(ݕ)݂݀
ݔ݀ = (ݔ)௠ିଵݕ݉

(ݔ)ݕ݀
ݔ݀  (7) 

or equivalently, 

(ݔ)ݕ
݂݀൫(ݔ)ݕ൯

ݔ݀ = ((ݔ)ݕ)݂݉
(ݔ)ݕ݀
ݔ݀  (8) 

 
By applying the DT to Eq. (8) gives:  
 

∑ ݇)(ݎ)ܻ − ݎ + ݇)ܨ(1 − ݎ + 1) =௞
௥ୀ଴
݉∑ ݎ) + ݎ)ܻ(1 + ݇)ܨ(1 − ௞(ݎ

௥ୀ଴ . 
(9) 

From Eq. (9), 
(݇ + ݇)ܨ(0)ܻ(1 + 1) = ݉∑ ݎ) + ݎ)ܻ(1 +௞

௥ୀ଴
݇)ܨ(1 − ∑−(ݎ ݇)(ݎ)ܻ − ݎ + ݇)ܨ(1 − ݎ +௞

௥ୀଵ
1). 

(10) 

or equivalently, 
(݇ + ݇)ܨ(0)ܻ(1 + 1) = ݉∑ ݇)ܨ(ݎ)ܻݎ −௞ାଵ

௥ୀଵ
ݎ + 1) −∑ ݇)(ݎ)ܻ − ݎ + ݇)ܨ(1 − ݎ + 1)௞

௥ୀଵ . 
(11) 

Thus, 
(݇ + ݇)ܨ(0)ܻ(1 + 1) = ∑ {(݉ + ݎ(1 − ݇ −௞ାଵ

௥ୀଵ
݇)ܨ(ݎ)ܻ{1 − ݎ + 1). 

(12) 

Replacing ݇ + 1 by ݇ yields: 
(݇)ܨ(0)ܻ݇ = ∑ {(݉ + ݎ(1 − ݇)ܨ(ݎ)ܻ{݇ −௞

௥ୀଵ
 .(ݎ

(13) 

From Eq. (13), if follows that: 
 
(݇)ܨ = ଵ

௒(଴)
∑ ቀ(௠ାଵ)௥ି௞

௞
ቁܻ(ݎ)ܨ(݇ − ௞(ݎ

௥ୀଵ . (14) 

 
Combining Eqs. (6) and (14), we obtain the 
transformed function of ݂(ݕ) =  :௠ asݕ

 
F(k)

=

⎩
⎨

⎧൫Y(0)൯୫,																																																									k = 0

1
Y(0)෍ቆ

(m + 1)r-k
k

ቇY(r)F(k-r), k ≥ 1	
୩

୰ୀଵ

 

    This proof shows that other complicated 
nonlinear functions can be computed in a similar 
way. Also, nonlinear functions and their transforms 
are given in the following theorems. 
 
Theorem 2 [7] 
If ݂(ݕ) = ݁௔௬, then 
(݇)ܨ

= ൞
݁௔௒(଴), ݇ = 0

ܽ෍
ݎ + 1
݇ ݎ)ܻ + ݇)ܨ(1 − 1− ,(ݎ ݇ ≥ 1

௞ିଵ

௥ୀ଴

 

 
 



International Journal of Engineering Trends and Technology (IJETT) – Editor’s Issues - 2020 

 

ISSN: 2231-5381                            doi : 10.14445/22315381/CATI3P212                          Page 76 

 

Theorem 3 [7] 
If ݂(ݕ) = sin(ݕߙ) and ݃(ݕ) = cos(ݕߙ),	then 

(݇)ܨ =

⎩
⎨

⎧ sin൫(0)ܻߙ൯ , ݇ = 0

෍ߙ
݇ − ݎ
݇ ݇)ܻ(ݎ)ܩ − ,(ݎ ݇ ≥ 1

௞ିଵ

௥ୀ଴

 

and 
(݇)ܩ

=

⎩
⎨

⎧ cos൫(0)ܻߙ൯ , ݇ = 0

෍ߙ−
݇ − ݎ
݇ ݇)ܻ(ݎ)ܨ − ,(ݎ ݇ ≥ 1

௞ିଵ

௥ୀ଴

 

 
Theorem 4 [1] 
Suppose the DT of the functions (ݔ)ݑ and ݃(ݔ) are 
ܷ(݇)	and ܩ(݇), then: 

If ݂(ݔ) = ∫ ௫ݐ݀(ݐ)ݑ
௫బ

, then 

(݇)ܨ =
ܷ(݇ − 1)

݇ (0)ܨ, = 0. (15) 

If ݂(ݔ) = ∫ ௫ݐ݀(ݐ)ݑ(ݐ)݃
௫బ

, then 

(݇)ܨ = ෍ܩ(݈)
௞ିଵ

௟ୀ଴

ܷ(݇ − ݈ − 1)
݇ (0)ܨ, = 0.	 (16) 

If ݂(ݔ) = (ݔ)݃ ∫ ௫ݐ݀(ݐ)ݑ
௫బ

, then 

(݇)ܨ = ෍ܩ(݈)
௞ିଵ

௟ୀ଴

ܷ(݇ − ݈ − 1)
݇ − ݈ (0)ܨ, = 0. (17) 

 
By means of the DT, the differential equation in DOI is 
transformed to an algebraic equation in the ܭ-domain 
and the function ݂	(ݐ) is obtained using the finite-term 
Taylor series expansion plus a remainder, as 

(ݐ)݂ = ෍ܨ(݇)
ݐ) − ଴)௞ݐ

݇! + ܴேାଵ(ݐ)
ே

௞ୀ଴

 (18) 

In a small region, the series solution in eq. (18) 
converges rapidly, however, the convergence results are 
often slow in the wide region and thus, their truncations 
yield inaccurate results. For further reference on 
differential transform and DTM see [6, 8-10]. 
 
B. Padé approximation [11, 12] 
Given the Taylor series expansion of (ݔ)ݕ, the Padé 
approximant is defined as the ratio of two polynomials 
that derived from the coefficients of (ݔ)ݕ. The [ܯ/ܮ] 
PA to (ݔ)ݕ are defined by 

൤
ܮ
ܯ
൨ = ௅ܲ(ݔ)

ܳெ(ݔ) (19) 

  

where the polynomials ௅ܲ(ݔ) and ܳெ(ݔ) are of degrees 
at most ܮ and ܯ. The formal power series 

(ݔ)ݕ = ෍ܽ௜ݔ௜ ,
ஶ

௜ୀଵ

 (20) 

  

(ݔ)ݕ − ௅ܲ(ݔ)
ܳெ(ݔ) = Ο(ݔ௅ାெାଵ) (21) 

are used to obtain the coefficients of ௅ܲ(ݔ)  and 
ܳெ(ݔ). 
 
It is obvious that [ܯ/ܮ] will remain unchanged when 
the denominator and numerator is multiply by certain 
constant, thus the normalization condition 
 

ܳெ(0) = 1 (22) 
 
is impose on the equation and ௅ܲ(ݔ) and ܳெ(ݔ) are said 
to have no common factors. Rewriting the coefficients 
of the functions ௅ܲ(ݔ) and ܳெ(ݔ) as 

൜ ௅ܲ(ݔ) = ଴݌ + ݔଵ݌ + ଶݔଶ݌ +⋯+ ௅ݔ௅݌
ܳெ(ݔ) = ଴ݍ + ݔଵݍ + ଶݔଶݍ +⋯+ ெݔெݍ

 (23) 

then, by (22) and (23), the coefficient equations are 
linearized after multiplying (21) by ܳெ(ݔ). Eq (21) is 
presented as 

ቐ

ୟైశభାୟై୯భା⋯ାୟై-౉శభ୯౉				ୀ଴
ୟైశమାୟైశభ୯భା⋯ାୟై-౉శమ୯౉ୀ଴

.

.
ୟైశ౉ାୟైశ౉-భ୯భା⋯ାୟై୯౉ 			ୀ଴

 

 

 

(24) 

൞

ୟబୀ୮బ
ୟబାୟబ୯భୀ୮భ

ୟమାୟభ୯భାୟబ୯మୀ୮మ
..

ୟైାୟై-భ୯భା⋯ାୟబ୯ైୀ୮ై

 

 

 

(25) 

Equation (24) is a set of linear equation. To obtain the 
solution of this equation, we solve for all the unknown 
 are known, then ݏ’ݍ Once the values of all the .ݏ’ݍ
equation (25) would inevitably give the explicit formula 
for the unknown ݏ’݌, and solution is complete. 
 
However, in the case of non-singularity of equations 
(24) and (25) would be directly solved to get (26) [12].   

൤
ܮ
൨ܯ =

ݐ݁݀ ൦

௔ಽషಾశభ.
.
.
ೌಽ

∑ ௔ೕషಾ௫ೕ			ಽ
ೕసಾ

௔ಽషಾశమ
.
..

ೌಽశభ
∑ ௔ೕషಾశభ௫ೕಽ
ೕసಾషభ

.		.		.
.			.

								.
.		.		.

௔ಽశభ
.
..

ೌಽశಾ
			∑ ௔ೕ௫ೕಽ

ೕసబ

൪

ݐ݁݀ ቎
௔ಽషಾశభ.

.

.
ೌಽ
௫ಾ

௔ಽషಾశమ.
.
.

ೌಽశభ
௫ಾషభ

.		.		.
.			.

								.
.		.		.

௔ಽశభ
.
..

ೌಽశಾ
		ଵ	

቏

 

(26) 
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In the case where the lower index on a sum exceed the 
upper and eq. (26) holds, then, we replaced the sum 
with zero. The symbolic calculus software, MATLAB 
is used to obtain diagonal elements of Padé 
approximants of various orders including: [2	/2], [4/4] 
or [6/6]. 
 
Generally, Padé approximant, obtained from a partial 
Taylor sum is more accurate than the latter. However; 
Padé, being a rational expression, has poles, which are 
not present in the original function. It is a simple 
algebraic task to expand the form of an [ܰ,ܯ] Padé in 
Taylor series and compute the Padé coefficients by 
matching with the above [11].  
  

III. NUMERICAL RESULTS 
 
Problem 1: [1]. Consider the linear Volterra 
integral equation 

(ݐ)ݑ = 1− ݐ −
ଶݐ	

2 +න ݐ) − ,ݔ݀(ݔ)ݑ(ݔ 0 < ݔ < 1.
௧

଴
 (27) 

and exact solution   (ݐ)ݑ = 1− sinh(ݐ).	Clearly, 
(0)ݑ = 1, from Theorem 4 and using operations 
from Table 1, we have: 
ܷ(݇) = (݇)ߜ − ݇)ߜ − 1) − ఋ(௞ିଶ)

ଶ
+∑ ݈)ߜ −௞ିଵ

௟ୀ଴

1) ௎(௞ି௟ିଵ)
௞ି௟

−∑ ݈)ߜ − 1)௞ିଵ
௟ୀ଴

௎(௞ି௟ିଵ)
௞

, ݇	 ≥ 	1,	 
transforming the initial condition by (3) to get  

ܷ(0) 	= 	1. 
Subsequently, we find 

ܷ(1) = −1,ܷ(2) = 0,ܷ(3) = − ଵ
଺

,ܷ(4) =
0,			ܷ(5) = − ଵ

ଵଶ଴
,ܷ(6) = 0,ܷ(7) = − ଵ

ହ଴ସ଴
. 

Applying the inverse transformation rule of eq. (4), the 
approximate solution of eq. (27) is given as follows: 

(ݐ)ݑ = ෍ܷ(݇)ݐ௞
ஶ

௞ୀ଴

= 1− ݐ −
ଷݐ	

6 −
ହݐ

120−
଻ݐ

5040 + ⋯ 
(28) 

 
which in the limit of infinitely many terms yields 
the exact solution of eq. (27). 
 
To improve the accuracy of (28), the proposed MDTM 
was implemented on first three terms of (28) as follows: 
 
Applying the Laplace transform to the first three 
terms from (28), yields 

	ℒ൫(ݐ)ݕ൯ = ଵ
௦
− ଵ

௦మ
− ଵ

௦ర
. 

For simplicity, let ݏ	 = 	 ଵ
௭
; then 

ℒ൫(ݐ)ݕ൯ = ݖ − ଶݖ −  ସ. (29)ݖ

The Padé approximants ቂଶ
ଶ
ቃ gives    

൤
2
2
൨ =

ଷݖ + ଶݖ − ݖ
ଶݖ − 1  

Recalling ݖ	 = 	 ଵ
௦
, we obtain ቂଶ

ଶ
ቃ in terms of	ݏ 

൤
2
2
൨ =

ଶݏ− + ݏ + 1
ଷݏ− + ݏ  

Applying the inverse Laplace transform (ILT) to Padé 
approximant of order ቂଶ

ଶ
ቃ gives the modified 

approximate solution: 

(ݐ)ݑ = −
݁௧

2 +
݁ି௧

2 + 1 = 1− sinh	(ݐ). 
Problem 2: [1]. Consider the nonlinear Volterra 
integral equation 

(ݐ)ݕ + න ൫(ݔ)ݕ + ݔ൯݀(ݔ)ଶݕ =
3
2−

1
2 ݁

ିଶ௧
௧

଴
 (30) 

and exact solution  
(ݐ)ݕ = ݁ି௧ . 

It is obvious that (0)ݕ = 1, then, from Theorem 4 and 
Table 1, the recurrence relation follows: 
ܻ(݇) + ௒(௞ିଵ)

௞
+ ∑ ܻ(݈)௞ିଵ

௟ୀ଴
௒(௞ି௟ିଵ)

௞ି௟
= ଷ

ଶ
(݇)ߜ −

ଵ
ଶ

(ିଶ)ೖ

௞!
, ݇	 ≥ 	1 

(31) 

transforming the initial condition by (3) to get 
ܻ(0) 	= 	1. 
Consequently, we find 

ܻ(1) = −1,ܻ(2) = ଵ
ଶ

,ܻ(3) = − ଵ
଺

,ܻ(4) =
ଵ
ଶସ

,ܻ(5) = − ଵ
ଵଶ଴

,ܻ(6) = ଵ
଻ଶ଴

,ܻ(7) = − ଵ
ହ଴ସ଴

. 
Under the inverse transformation rule (4), the 
following approximate solution of equation (30) is 
obtained 
(ݐ)ݕ = ∑ ௞ஶݐ(݇)ܻ

௞ୀ଴ = 1− ݐ + 	௧మ

ଶ
− 	௧య

଺
+ 	௧ర

ଶସ
−

௧ఱ

ଵଶ଴
+ 	௧ల

଻ଶ଴
− ௧ళ

ହ଴ସ଴
+ ⋯, ݇	 ≥ 	1 

(32) 

which yields the exact solution of eq. (30) in limit of 
infinitely many terms. Next, we implement MDTM on 
first four term of (32) as follows: 
Applying the LT to the first four terms from (32), yields 

	ℒ൫(ݐ)ݕ൯ =
1
ݏ −

1
ଶݏ +

1
ଷݏ −

1
 .ସݏ

For simplicity, let ݏ	 = 	 ଵ
௭
; then 

	ℒ൫(ݐ)ݕ൯ = ݖ − ଶݖ + ଷݖ − 	݇ ,.ସݖ ≥ 	1 (33) 

The Padé approximants ቂଶ
ଶ
ቃ gives    

ቂଶ
ଶ
ቃ = ௭

௭ାଵ
. 

Recalling ݖ	 = 	 ଵ
௦
, we obtain ቂଶ

ଶ
ቃ in terms of	ݏ 

൤
2
2
൨ =

1
ݏ + 1 

Applying the ILT to ቂଶ
ଶ
ቃ Padé approximant gives the 

modified approximate solution 
(ݐ)ݕ = ݁ି௧ . 

Problem 3: [1]. Given the following nonlinear 
Volterra integral equation 
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(ݐ)ݕ = cos(ݐ) + ଵ
ଶ

sin(2ݐ) + ݐ3 − 2∫ ൫1 +௧
଴

  ݔ൯݀(ݔ)ଶݕ

(34) 

whose exact solution is (ݐ)ݕ = cos	(ݐ). 
By simplifying (34), to get 

(ݐ)ݕ = cos(ݐ) + ଵ
ଶ

sin(2ݐ) + ݐ3 − ݐ2 −

∫ ௧ݔ݀(ݔ)ଶݕ
଴   

(35) 

So, 
(ݐ)ݕ = cos(ݐ) + ଵ

ଶ
sin(2ݐ) + ݐ − ∫ ௧ݔ݀(ݔ)ଶݕ

଴   (36) 

Clearly, (0)ݕ = 1, then, from Theorem 4 and 
operations in Table 1, we obtained the recurrence 
relation: 

ܻ(݇) = ଵ
௞!

cosቀగ௞
ଶ
ቁ+ ଶ(ೖషభ)

௞!
sin ቀగ௞

ଶ
ቁ+

݇)ߜ − 1) −∑ ܻ(݈)௞ିଵ
௟ୀ଴

௒(௞ି௟ିଵ)
௞ି௟

, ݇	 ≥ 	1  

(37) 

transforming the initial condition by (3) to get   
ܻ(0) 	= 	1. 

Consequently, we find 
ܻ(1) = 0,ܻ(2) = − ଵ

ଶ
,ܻ(3) = 0,ܻ(4) =

ଵ
ସ!

,ܻ(5) = 0,ܻ(6) = − ଵ
଺!

,ܻ(7) = 0,ܻ(8) = ଵ
଼!
	. 

The approximate solution of eq. (34) is obtained using 
the inverse transformation rule (4) as follows:   

(ݐ)ݕ = ෍ܻ(݇)ݐ௞
ஶ

௞ୀ଴

= 1 −
ଶݐ	

2 +
ସݐ	

4! −
଺ݐ	

6! +
଼ݐ

8!
+⋯ 

(38) 

which yields the exact solution of (34) in the limit 
of infinitely many terms. Taking just the first two 
terms from (38), we implement the MDTM as 
follows: 
 
Applying the LT procedure to the first two terms 
from (38), yields 

ℒ൫(ݐ)ݕ൯ =
1
ݏ −

1
 .ଷݏ

For simplicity, let ݏ	 = 	 ଵ
௭
; then 

ℒ൫(ݐ)ݕ൯ = ݖ −  ଷ. (39)ݖ

The Padé approximants ቂଶ
ଶ
ቃ gives    

ቂଶ
ଶ
ቃ = ௭

௭మାଵ
. 

Recalling ݖ	 = 	 ଵ
௦
, we obtain ቂଶ

ଶ
ቃ in terms of	ݏ 

ቂଶ
ଶ
ቃ = ௦

௦మାଵ
. 

The modified approximate solution (ݐ)ݕ = cos	(ݐ). is 
obtained using the inverse Laplace transform to the ቂଶ

ଶ
ቃ  

 

Problem 4: [13]. Given the following nonlinear 
Volterra integro–differential equation 

(ݐ)ᇱݕ =
3
2 ݁

௧ −
1
2 ݁

ଷ௧

+න ݁௧ି௫ݕଷ(ݔ)݀ݔ,
௧

଴
(0)ݕ = 1. 

(40) 

whose exact solution is (ݐ)ݕ = ݁௧ .	By simplifying 
(40), to get 

(ݐ)ᇱݕ =
3
2 ݁

௧ −
1
2 ݁

ଷ௧

+න ݁௧ି௫ݕଷ(ݔ)݀ݔ,
௧

଴
(0)ݕ = 1. 

(41) 

Using operations in Table 1 and Theorem 4, we 
obtain the recurrence relation as follows: 

ܻ(݇ + 1) = ଵ
௞ାଵ

ቂ ଷ
ଶ(௞!)

− ଷೖ

ଶ(௞!)
+ ∑ ଵ

௟!
௞ିଵ
௟ୀ଴

ீ(௞ି௟ିଵ)
௞ି௟

ቃ, 
݇	 ≥ 	1,	 

(42) 

where ܩ(݇) is the differential transform for 
(ݔ)݃ = ݁ି௫ݕଷ(ݔ) 

(݇)ܩ = ෍
(−1)௜

݅! ݇)ܪ − ݅)
௞

௜ୀ଴

 
(43) 

where ܪ(݇) is the differential transform for 
ℎ(ݔ) =  (ݔ)ଷݕ
(݇)ܪ

= ൞

1, ݇ = 0

෍൬
ݎ4 − ݇
݇

൰ܻ(ݎ)ܨ(݇ − ,(ݎ ݇ ≥ 1
௞

௥ୀଵ

 

(44) 

transforming the initial condition by (3) to get 
ܻ(0) 	= 	1. Then substituting in (44) and (43), 
respectively, to get (0)ܪ = (0)ܩ,1	 	= 	1. 
Consequently, we find 

ܻ(1) = 1,ܻ(2) =
1
2 ,ܻ(3) =

1
3! ,ܻ(4)

=
1
4! ,ܻ(5) =

1
5! ,ܻ(6)

=
1
6! ,ܻ(7) =

1
7!	. 

The approximate solution of eq. (40) is obtained using 
the inverse transformation rule (4) as follows: 

(ݐ)ݕ = ෍ܻ(݇)ݐ௞
ஶ

௞ୀ଴

 

= 1 + ݐ +
ଶݐ	

2 +
ଷݐ	

3! +
ସݐ	

4! +
ହݐ	

5! +
଺ݐ	

6! +
଻ݐ

7! +⋯ 

(45) 

which yields the exact solution of (40) in the limit 
of infinitely many terms. Taking the first three 



International Journal of Engineering Trends and Technology (IJETT) – Editor’s Issues - 2020 

 

ISSN: 2231-5381                            doi : 10.14445/22315381/CATI3P212                          Page 79 

terms from (45), we implement the MDTM as 
follows: 
 
Applying the LT to the first three terms from (45), 
yields 

ℒ൫(ݐ)ݕ൯ = ଵ
௦

+ ଵ
௦మ

+ ଵ
௦య

. 

For simplicity, let ݏ	 = 	 ଵ
௭
; then 

ℒ൫(ݐ)ݕ൯ = ݖ + ଶݖ +  ଷ. (46)ݖ

The Padé approximants ቂଶ
ଶ
ቃ gives    

ቂଶ
ଶ
ቃ = − ௭

௭ିଵ
. 

Recalling ݖ	 = 	 ଵ
௦
, we obtain ቂଶ

ଶ
ቃ in terms of	ݏ 

ቂଶ
ଶ
ቃ = ଵ

௦ିଵ
. 

The modified approximate solution (ݐ)ݕ = ݁௧ .is 
obtained using inverse Laplace transform to the ቂଶ

ଶ
ቃ 

Padé approximant. 
 
Problem 5: [14]. Consider the following linear 
boundary value problem for integro-differential 
equation 

(ݐ)(ସ)ݕ = 1)ݐ + ݁௧) + 3݁௧ + (ݐ)ݕ

−න ݔ݀(ݔ)ݕ
௧

଴
, 0 < ݐ < 1 

(47) 

whose boundary conditions is given as 
(0)ݕ = ᇱ(0)ݕ = 1, (1)ݕ = 1 + ݁,

ᇱ(1)ݕ = 2݁,	 
(48) 

and exact solution (ݐ)ݕ = 1 +  .௧݁ݐ
 
Transforming Eq. (47) and Eq. (48), we obtain 

ܻ(݇ + 4) =
݇!

(݇ + 5)!
൥ߜ(݇ − 1) +෍

݅)ߜ − 1)
(݇ − ݅)!

௞

௜ୀ଴

+
3
݇! + ܻ(݇) −

ܻ(݇ − 1)
݇

൩ 

(49) 

 

ܻ(0) = 1,ܻ(1) = 1,			ܻ(2) =
ܣ
2 ,			ܻ(3) =

ܤ
3!. 

(50) 

Substitute (50) in (49), to get 
	ܻ(4) = ଵ

ଷ!
,ܻ(5) = ଵ

ସ!
,ܻ(6) = (஺ାସ)

଺!
, ܻ(7) =

(஻ି஺ା଺)
଻!

,ܻ(8) = (ଵଵି஻)
଼!

, ܻ(9) = ଵ
଼!

,ܻ(10) = (஺ା଼)
ଵ଴!

. 
The approximate solution of equation (47) is obtained 
using the inverse transformation rule (4) as follows:  

(ݐ)ݕ = ෍ܻ(݇)ݐ௞
ஶ

௞ୀ଴

= 1 + ݐ +
ܣ
2 ݐ

ଶ +
ܤ
3! ݐ

ଷ +
1
3! ݐ

ସ

+
1
4! ݐ

ହ +
ܣ) + 4)

6! ଺ݐ

+
ܤ) − ܣ + 6)

7! ଻ݐ

+
(11 (ܤ−

8! ଼ݐ +
1
8! ݐ

ଽ

+
ܣ) + 8)

10! .+ଵ଴ݐ .. 

 

(51) 

To find the values of constants ܣ and ܤ, we will 
substitute the initial conditions 
(1)ݕ = 1 + ݁, ᇱ(1)ݕ = 2݁  in Eq. (51), to get 
(1)ݕ = 1 + ݁, then 

1 + 1 + ஺
ଶ

+ ஻
ଷ!

+ ଵ
ଷ!

+ ଵ
ସ!

+ (஺ାସ)
଺!

+ (஻ି஺ା଺)
଻!

+
(ଵଵି஻)

଼!
+ ଵ

଼!
+ (஺ା଼)

ଵ଴!
= 1 + ݁, 

that gives  
1818721
ܣ3628800 +

961
ܤ5760 = −

17228
14175 + 	݁ 

(52) 

and 

ᇱݕ = 1 + ݐܣ +
ܤ
2 ݐ

ଶ +
2
3 ݐ

ଷ +
5

24 ݐ
ସ +

ܣ) + 4)
5! ହݐ

+
ܤ) − ܣ + 6)

6! ଺ݐ

+
(11 (ܤ−

7! ଻ݐ +
9
8! ݐ

଼

+
ܣ) + 8)

9! ଽݐ +⋯,	 
and	ݕᇱ(1) = 2݁,	 then 

365401
ܣ362880 +

421
ܤ840 = −

696401
362880 + 	2	݁ 

(53) 

From (52) and (53), ܣ = 1.999995083333181,
ܤ = 3.000016585166542. For approximations of 
 It is obvious that .,ܤ and ܣ

lim
௡→ஶ

ܣ = 2, lim
௡→ஶ

ܤ = 3.	 (54) 

We implement MDTM to the first five terms as 
follows: Substituting ܣ = ܤ,2 = 3 in (51), then 
applying the Laplace transform yields 

ℒ൫(ݐ)ݕ൯ =
1
ݏ +

1
ଶݏ +

2
ଷݏ +

3
ସݏ +

4
 .ହݏ

For simplicity, let ݏ	 = 	 ଵ
௭
; then 

ℒ൫(ݐ)ݕ൯ = ݖ + ଶݖ + ଷݖ2 + ସݖ3 +  ହ, (55)ݖ4

The Padé approximants ቂଷ
ଶ
ቃ gives   

ቂଷ
ଶ
ቃ = ௭యି	௭మା௭

௭మିଶ௭ାଵ
. 

Recalling ݖ	 = 	 ଵ
௦
, we obtain ቂଷ

ଶ
ቃ in terms of	ݏ 

ቂଷ
ଶ
ቃ = ௦మି௦ାଵ

௦యିଶ௦మା௦
. 



International Journal of Engineering Trends and Technology (IJETT) – Editor’s Issues - 2020 

 

ISSN: 2231-5381                            doi : 10.14445/22315381/CATI3P212                          Page 80 

 

The modified approximate solution (ݐ)ݕ = ௧݁ݐ + 1. 
is obtained using the inverse Laplace transform to 
the ቂଷ

ଶ
ቃ Padé approximant. 

 
Problem 6: [15]. Consider the following nonlinear 
boundary value problem for integro-differential 
equation 

(ݐ)(ସ)ݕ = 1 +න ݁ି௫ݕଶ(ݔ)݀ݔ
௧

଴
, 0 < ݐ < 1 

(56) 

whose boundary conditions 
(0)ݕ = ᇱ(0)ݕ = (1)ݕ,1 = ᇱ(1)ݕ = ݁,	 (57) 

and exact solution (ݐ)ݕ = ݁௧ . Transforming Eq. 
(56) and Eq. (57), we obtain 

ܻ(݇ + 4) =
݇!

(݇ + 4)!
൥ߜ(݇)

+෍
(−1)௜

݅!
݇)ܩ − ݅ − 1)

݇

௞ିଵ

௜ୀ଴

൩. 

(58) 

where ܩ(݇) is the differential transform of ݃(ݕ) =
 .ଶݕ

ܻ(0) = 1,ܻ(1) = 1,			ܻ(2) =
ܣ
2 ,			ܻ(3) =

ܤ
3!. 

(59) 

By Theorem 1, the differential transform ܩ(݇) in 
equation (3.32) is  

(0)ܩ = ൫ܻ(0)൯ଶ = 1, (60) 
 

(݇)ܩ = ෍൬
ݎ3 − ݇
݇

൰ܻ(ݎ)ܩ(݇ − ,(ݎ ݇ ≥ 1
௞

௥ୀଵ

. 
(61) 

Therefore, G(1) = 2, then 

ܻ(4) =
1
4! ,ܻ(5) =

1
5! ,ܻ(6) =

1
6!. 

The approximate solution of equation (56) is obtained 
using the inverse transformation rule (4) as follows:  

(ݐ)ݕ = ෍ܻ(݇)ݐ௞
ஶ

௞ୀ଴

= 1 + ݐ +
ܣ
2 ݐ

ଶ +
ܤ
3! ݐ

ଷ

+
1
4! ݐ

ସ +
1
5! ݐ

ହ +
1
6! ݐ

଺

+
ܣ) − 3)

7! ଻ݐ +⋯ 

(62) 

Now, to find the values of constants ܣ and ܤ, we 
will substitute the initial conditions (1)ݕ = ᇱ(1)ݕ =
݁, in Eq. (62), to get (1)ݕ = ݁, then 

1 + 1 + ஺
ଶ

+ ஻
଺

+ ଵ
ଶସ

+ ଵ
ଵଶ଴

+ ଵ
଻ଶ଴

+ ஺ିଷ
ହ଴ସ଴

= ݁,  
then 

ܣ
2 +

ܤ
6 = ݁ −

646
315 (63) 

And ݕᇱ = 1 + ݐܣ + ஻
ଶ
ଶݐ + ଵ

ଷ!
ଷݐ + ଵ

ସ!
ସݐ + ଵ

ହ!
ହݐ +⋯ ,

ᇱ(1)ݕ = ݁,	 then 1 + ܣ + ஻
ଶ

+ ଵ
଺

+ ଵ
ଶସ

+ ଵ
ଵଶ଴

+ ஺ିଷ
଻ଶ଴

=
݁, thus 

ܣ +
ܤ
2 = ݁ −

97
80			 

(64) 

From (63) and (64), 
ܣ = ܤ,0.993365409074278 =
1.024832838769536. For approximations of ܣ 
and ܤ, It is obvious that 

lim
௡→ஶ

ܣ = 1, lim
௡→ஶ

ܤ = 1.	 
Substituting ܣ = ܤ,1 = 1 in (62) yields the exact 
solution of (56) in the limit of infinitely many terms. 
Taking just the first three terms from (56), the 
MDTM is implemented as follows: 
 
Applying the Laplace transform to the first three 
terms from the series solution (56), yields 

ℒ൫(ݐ)ݕ൯ =
1
ݏ +

1
ଶݏ +

1
 ଷ. (65)ݏ

For simplicity, let ݏ	 = 	 ଵ
௭
; then 

ℒ൫(ݐ)ݕ൯ = ݖ + ଶݖ +  ଷ. (66)ݖ
The Padé approximants ቂଶ

ଶ
ቃ gives    

ቂଶ
ଶ
ቃ = − ௭

௭ିଵ
. 

Recalling ݖ	 = 	 ଵ
௦
, we obtain ቂଶ

ଶ
ቃ in terms of	ݏ 

ቂଶ
ଶ
ቃ = ଵ

௦ିଵ
. 

The approximate solution (ݐ)ݕ = ݁௧ . is obtained by 
inverse Laplace transform to the ቂଶ

ଶ
ቃ Padé approximant. 

IV. CONCLUSION AND DISCUSSION 

 The MDTM is an efficient scheme for approximating 
solutions of integral and integro-differential equations. 
This method employs the Laplace transformation 
technique to the truncated series obtained by DTM, the 
Padé approximants for converting the transformed 
series into meromorphic function before applying the 
Laplace transform inverse to solve the analytical 
problem. All results obtained show that MDTM is in 
good agreement the results obtained by the exact 
solution. Examples presented indicates that MDTM 
greatly improves the convergence rate of DTM’s 
truncated series solution with true analytic solution. The 
results also show that this scheme is promising and can 
be applied in other applications. 
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